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The col l i s ion  of two equal  coaxial  je t s  is studied. A n u m e r i c a l  solution of the exact  equa-  
t ions of mot ion and of continuity is  obtained on the assumpt ion  that the i so the rma l  flow is 
s t a t iona ry  and the p r o p e r t i e s  of the liquid a r e  constant .  

F o r  the ca lcula t ion of two-dimens iona l  flows of a v iscous  i ncompres s ib l e  liquid the authors  in [1] 
cons t ruc ted  an impl ic i t  f in i te -d i f fe rence  s y s t e m  with which numer i ca l  expe r imen t s  w e r e  conducted on 
flows in a square  having openings s y m m e t r i c a l  r e la t ive  to the axes.  The equations were  computed for  
Reynolds number s  Re = 100 and 1000. Instabi l i ty  of the solution was found when Re = 1000; it reac ted  ve ry  
s t rongly  to sma l l  changes  in the boundary conditions.  The flow which was  used as the tes t  to de te rmine  
the s tabi l i ty  of the method of solution is of p rac t i ca l  in t e res t ,  s ince such je ts  a r e  often encountered in 
engineer ing ,  such as  jet  s tabi l iza t ion of a f l ame  in fas t  s t r e a m s  [2], combust ion of solid,  gaseous ,  or  
liquid fuel in fu rnaces  with opposing bu rne r s  of the shock type [3, 4], and with dehydrat ion of solutions 
and t h e r m a l  t r e a t m e n t  of d i spe r sed  m a t e r i a l s  in appara tus  having opposing je ts  [5, 6, 7, 12]. 

In the p r e s e n t  r e p o r t  a solution is found for  the p rob lem of the col l is ion of two coaxial  round je ts  
of a v i s c o u s  i ncom pres s i b l e  liquid d i scharg ing  with equal veloci t ies  f rom tubes of the same  d i a m e t e r  having 
f langes at the ends and located ve ry  c lose  to one another  (end to end). In the ma thema t i ca l  formula t ion  of 
the p rob lem we use the comple te  N a v i e r -  Stokes equations t r a n s f o r m e d  into s t r e a m  and vor tex  functions 
without e l iminat ing any of the i r  t e r m s  (since because  of the complexi ty  of the hydrodynamics  such e l im in a -  
tion of t e r m s  is difficult  to justify c o r r e c t l y  enough). An expl ic i t  f in i te -d i f fe rence  s y s t e m  const ructed 
on the ba s i s  of the r e su l t s  of [8] is proposed for  the numer i ca l  solution of the sys t em of equations.  In the 
formula t ion  of the p rob lem and the cons t ruc t ion  of the calcula t ion sy s t em pr inc ipa l  at tention was paid to 
the s tabi l i ty  of the solution. 

F r o m  the phys ica l  a r r a n g e m e n t  it is seen  that the p rob lem is  axial ly s y m m e t r i c a l  and its solution 
should be conducted in a cy l indr ica l  coordinate  sys t em.  The dis tance  m e a s u r e d  along the axis of s y m m e t r y  
f rom the cen t e r  of  the gap formed by the tubes is designated as x, while the dis tance f rom the axis of the 
tube in the rad ia l  d i rec t ion  is designated as r.  We l imit  the region of study to a rec tangle  s y m m e t r i c a l l y  
encompass ing  both tubes and the space  between them. We a s s u m e  that the veloci ty  dis t r ibut ion profi le  is 
pa rabol ic  a t  the en t r ances  and the exit.  To reduce  the p rob lem to d imens ion less  fo rm we normal i ze  x and 
r in the or ig inal  s y s t e m  of Nav i e r  - S t o k e s  equations using a,  u, v - u  0, and P - p u  S. Then we obtain the 
wel l -known equations of mot ion 
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where  

Re = uoa/v (3) 
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is the Reyno lds  num be r ,  and the equat ion of  cont inui ty  

0 (ru)+ 0 (rv)=O. 
Ox T 

We a s s u m e  that  x v a r i e s  in the r eg ion  - x  0 _< x _< +x 0, whi le  the gap occupies  the sub reg ion  - x  1 -< x 
_< +x v Then  one can  wr i t e  the fol lowing boundary  condi t ions :  

a) at  the e n t r a n c e  

(4) 

and 

u ( -  Xo; r) - -  (1 - r~), (5) 

O r ( -  xo; r) _ o (6) 
Ox 

u ( +  Xo; r ) = - - t z ( - - x o ;  r) (5') 

Or(+  x0; r) _ 0; (6 ' )  
Ox 

b) at  the exit  

v(x; 1)= v~ (1--(x/x1)2), (7) 
U o 

Ou(x; 1) _ 0  (8) 
Or 

fo r  - x l  -< x _< +xl, w h e r e  v 0 is de t e rmined  f r o m  the law of  c o n s e r v a t i o n  of  m a s s  of the liquid 

l Xl 

.t ~ U(Xo; r)rdr = .I" v(x; 1)dx. (9) 
0 0 

Since the exac t  p ro f i l e  of the boundary  condi t ions  at  the exi t  is unknown, s e v e r a l  v a r i a n t s  of it w e r e  
examined .  In p a r t i c u l a r ,  at the cut  of  the gap we examined  the p ro f i l e s  (7) and v(x; 1) = v o / u  o and at a 
c e r t a i n  d i s t ance  away f r o m  the cut  of  the gap a long the f langes  the prof i le  

v (x; 2) = vo/u o (1 - -  (x/xl)~'). 

The n u m e r i c a l  e x p e r i m e n t s  showed that in al l  the c a s e s  c o m p a r e d  the s t r u c t u r e  of the flow in the 
sca le  of  the r eg ion  s tudied v a r i e s  l i t t le ,  with the s t r e a m l i n e s  shif t ing s l ight ly  to one s ide o r  the o the r  f r o m  
those  c o r r e s p o n d i n g  to Fig.  2. The fac t  that  the width of the gap is sma l l  c o m p a r e d  with the d i a m e t e r  of the 
d i s p e r s i o n  tubes obvious ly  has  an effect .  However ,  the condi t ions  of (7) a r e  the m o s t  accep tab le  f r o m  c o n -  
s i de r a t i ons  of s tabi l i ty  of  the p r o b l e m  and the feas ib i l i ty  of a r ea sonab l e  s impl i f i ca t ion  within the l imi ts  of 
the a c c u r a c y  of the de sc r ip t i on ,  and a re  c o n f o r m e d  by the e x p e r i m e n t a l  da ta  [13] obtained by Et~perin; 

c) at  the wal l  

tt(x; l ) - -  O, v(x; I) = 0  (10) 

f o r  - x  o -< x _< --x~ and +x~ _< x -- +x o. 

The a s s ign ing  of  the p r e s s u r e  d i s t r ibu t ion  at the boundary  is compl i ca t ed  in in t e rna l  p r o b l e m s  and 
t h e r e f o r e  we wi l l  change  f r o m  the s y s t e m  of equa t ions  (1)-(4) to equat ions  in vo r t ex  and s t r e a m  funct ions ,  
which  do not  conta in  the p r e s s u r e .  A c c o r d i n g  to (4), a s t r e a m  function J/(x; r) ex i s t s  f o r  which 

1 a~? t 8• (11) 
r Or r ax 

D e t e r m i n i n g  the vor tex  ve loc i ty  w f by the equat ion  

m,=_l (au 8 v l ,  

r Or Ox , 
(t2) 

we obtain 

82~ 8 ~  r 2 oy ' t 8~  
8x 2 dr 2 r ar 

(13) 
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1. D iag ram showing the region of integrat ion,  the gr id,  

and the va r i ab l e s  used in the problem.  

Different ia t ing (1) and (2) with r e s p e c t  to x and r ,  respect iveLy,  and subt rac t ing  one equation f rom the 
o ther ,  we ob ta in  

Equations (13) and (14) m u s t  be solved fo r  the unknown functions r and &.  

In the subsequent  d i scuss ion  it is n e c e s s a r y  to use functions in grid coordinates .  Keeping in mind 
that  under  the condit ions of the p rob l em  the d imensions  of the gap a re  cons iderably  s m a l l e r  than the d i -  
mens ions  of the sec t ions  of the tubes under cons idera t ion ,  we introduce a-grid which is nonuniform along 
the x ax is ,  bunching toge ther  f rom the pe r iphe ry  to the cen te r  Gig .  1). The grid r ema ins  uniform along 
the r axis .  

Le t  us conver t  the boundary conditions f rom the functions u and v to the functions r and ,=0': 

a) at  the en t rance  (--  Xo; r )  = 0 . 5 ( r  ~ - -  0 .5 r ' ) ,  (15) 

, ( +  Xo; r )= - -~ ( - -Xo ;  r). (16) 

Then it follows from Eqs. (5), (6), and (12) that 

(o'(--xo; r ) = - - 2 ,  (17) 

~o'(+ Xo; r ) = - - t o ' ( - - X o ;  r). (18) 

S imi la r ly  we obtain the following equations:  

b) at the exi t  

1 )=  v_~o x ( ( x / x l ) ~ t l l ,  
U o 

o'(x;  1)= 2 v~ x 
"//0 X2 ' 

(19) 

(20) 

c) a t  the wal l  
q~(x; 1) = sign(x)~(Xo; t), (21) 

where  

I -a 1, if x > O .  

A t the points ( -xl ;  1) and (+xi; 1) the boundary conditions 
ical  p rob lem.  

Cer ta in  compl ica t ions  a r i s e  in wr i t ing  the boundary conditions for  w' at  the wait ,  and w' is not 
ass igned  d i rec t ly  but der ived f rom an expansion of r is a T a y l o r  s e r i e s .  

Le t  us use one of the equations obtained in [9] which p r e s e r v e s  the s tabi l i ty  of the problem:  

pr j~ ( Ag.P 

undergo a discontinuity,  which is due to the phys -  

(22) 
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where  Arjn = r j n - r j n ' ~  is the s tep along the r axis;  

d) at  the axis of s y m m e t r y  

I ~ ,  ~ = ~i,~ (23) 

the equation for  w' is obtained f rom the condition that co' = coas t  at  the axis  of s y m m e t r y  and has the fo rm 

o);,, = e);. 2 @ (r~ - -  r , ) / ( r  a - - -  r~) (e);, 2 - -  ( o ; 9 .  (24) 

The s y s t e m  (13)-(14) with the boundary conditions (15)-(24) was solved numer ica l ly  by the grid method. 
A uniform locally s i n g l e - c o m p a r t m e n t  d i f ference  s y s t e m  in which all  the spat ia l  de r iva t ives  were  app rox i -  
mated  by the cen t ra l  d i f fe rences  with an e r r o r  O(h 2) [10] was init ial ly se lected fo r  the solution of the s y s t e m  
(13)-(14). However ,  the numer i ca l  expe r imen t s  showed that this s y s t e m  is unsuitable for  a boundary p r o b -  
lem in which the convect ion t e r m s  of the equations have large coeff ic ients  while the boundary conditions 
which a r e  di f ferent  f rom ze ro  along the en t i re  boundary va ry  s t rongly ,  s ince s tabi l i ty  of the solution was 
achieved only for  sma l l  Reynolds number s  Re = 10. Hencefor th  we used for  the calcula t ions  a conse rva t ive  
uniform f in i te -d i f fe rence  s y s t em  const ructed by the in tegro- in te rpo la t ion  method and based on ideas de -  
veloped in [8-11]. So that the d i f ference  s y s t e m  would provide the possibi l i ty  of obtaining a solution for  high 
Reynolds number s ,  in its cons t ruc t ion  the convect ion t e r m s  were  approximated  by one-s ided d i f fe rences  
instead of cen t ra l  d i f fe rences ,  with the d i rec t ion of mot ion of the liquid being taken into account to improve  
the conserva t iv i ty  of the sys tem.  

In the d i f ference  fo rm the s y s t e m  (13)-(14) is wr i t ten  in the fo rm 

%'./= (AIr176 -I- A~o~_~., -'- A~o~.;+, . -  A~o~;.]_,) Ah,  (25) 

"~i,i -=' (Bl~)i+l,] : -  B~.~.i-I,i @ B,@i,i+~ @ B ~ j - t )  Bh, (26) 

where  

A, -- 0.s d- [(*,+ 4 .  ;_ 

= [ ( * , -4 .  " - l * ,_  ,+ - * , _ _ . ,  ;_41]_ + 

r~ ( r j +~  - -  r j_] . )  

4Re (x~+, --x;)  
3 (Q+I - -  G'-I) ri 

4 Re (x; - -  x;_l) 

[ ( * , + 4 . , §  - ' i  ' - ' _ ~ - i - '  ' •  ;+-2- - -~P~-~ -' ;+ 

(rj+l -" rj) 3 (Xi+l --7 xi_l) 
8 Re(Q+1 -i- r j )  

. 1! A , = : : O . S r ~ [ ( ~ i , . , - - ~ 3 , . + , .  ' ) - } - I ~ .  . , - - t ; ; ,  , ]-i- 
T ' ; - T  T " s - - x  ~- o7' 

1 rj+ 1 - -  rj_ 1 
B1 

4r I x~+] - -  x i 

B3 __ r ~ l  -~- r7 -l x ~ + l - -  x~_~ 

8 r j .  1 - -  rj 

(q_l  !- 03(x~+~ - -  xi_,) 
8"Re (rj  - -  rj_l)  

B2 1 r j+  1 - -  r j _  l , 
4 r j  .~c~ - -  X i _  ~ 

, B ~ - - -  r i - l - i -  r I ] X i+ ] . - - " :Z -~  , 

8 rj - -  r j _~  

Here  it was  assumed  with r e s p e c t  to the s t r e a m  function ~/that its value at in te rmedia te  points is equal to 
the a r i thmet i c  mean  of the va lues  at  the four adjacent  nodes, fo r  example ,  

1 
~ +  ~'~ j+~_~ ~ ~ -  (~,i+1 - i -~, /  }-~i+~,i -'- ~i+,,i+0, 

where  i :~ 1 / 2, j • 1 / 2 a r e  in te rmedia te  points of the grid. 

The sys t em of d i f ference  equations (25)-(26) was solved by the Seide[ i tera t ion method. As the f i r s t  
approx imat ion  we took e i ther  r j = co L j = -0 .01  sign ix) o r  the solution obtained with any other  value of the 
p a r a m e t e r  of the p rocess .  Af te r  each  i te ra t ion  s tep the boundary values  w e r e  calcula ted for  the vor t ic i ty  
and for  the s t r e a m  function at the axis of s y m m e t r y .  Having obtained the solution of Eqs. (13)-(14), we 
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~ la o,5 o,z o .x la  ~ o,z o 

2. S t r e a m l i n e s  f o r  Re  = 10 (a) and Re = 10 6 (b). F ig .  

q5 

d e t e r m i n e  the d i s t r i b u t i o n  of  the v e l o c i t i e s  u and v f r o m  Eqs .  (11) and we ob ta in  ~ P / 0 x  o r  0 P / 0 r  f r o m  
(1)-(2) and the p r e s s u r e  f r o m  the r e c u r r e n t  equa t ion  

pl~,,,~,pa_[__05[ ( OP ~ OP " 
, [ , - ~ - - x  ] - ~ ( T ) b ] ( X b - - / a )  

The  c a l c u l a t i o n s  w e r e  conduc t ed  on a 43 • 20 g r i d  wh ich  w a s  nonun i fo rm  a long  the  x a x i s ,  23 of the 
nodes  b e i n g  a s s i g n e d  in the  s u b r e g i o n  of  the gap  - x  1 -< x _< +xi. In the a s s i g n m e n t  of the nodes  we w e r e  
c o n s t r a i n e d  to o b s e r v e  the cond i t i on  tha t  the r a t i o  of s i z e s  of  a d j a c e n t  i n t e r v a l s  d id  not  e x c e e d  about  1.5 
o r  e l s e  d i s t o r t i o n  of  the p a t t e r n  w a s  o b s e r v e d  and on the c u r v e ,  which  should  be s m o o t h ,  bends  a p p e a r e d  
w h i c h  w e r e  the  l a r g e r ,  the  m o r e  s t r o n g l y  th i s  cond i t i on  w a s  v i o l a t e d .  It d id  not  s e e m  p o s s i b l e  to ob ta in  
r e s u l t s  on a u n i f o r m  g r i d  s i n c e  the wid th  of  the gap  would b e c o m e  c o m p a r a b l e  wi th  the s t ep  of  the g r i d .  
A c o m p a r i s o n  of  the  r e s u l t s  on 43 x 20 g r i d s  wi th  d i f f e r e n t  d i s t r i b u t i o n s  of the nodes  and wi th  c o n t r o l  
r e s u l t s  on a 63 x 30 g r i d  showed tha t  the  d i s c r e p a n c i e s  a r e  i n s i g n i f i c a n t .  In the n u m e r i c a l  e x p e r i m e n t s  
i t  w a s  c o n s i d e r e d  tha t  the i t e r a t i o n  p r o c e s s  had  c o n v e r g e d  when the m a x i m u m  r e l a t i v e  change  in the v a r i -  
a b l e s  b e t w e e n  s u c c e s s i v e  i t e r a t i o n s  w a s  l e s s  than  0.005,  and th is  took 200-400 i t e r a t i o n s  o r  2 -4  h d e p e n d -  
ing  on the o p e r a t i n g  p a r a m e t e r s  of  the M i n s k - 3 2  e l e c t r o n i c  c o m p u t e r  in the m o d e  of c o m p a t i b i l i t y .  

In the p r o b l e m  R e  and x 1 w e r e  a n a l y z e d  and the fo l lowing  e x p e r i m e n t s  w e r e  s e t  up: wi th  x 1 = c o n s t  
= 0.2 the R e y n o l d s  n u m b e r  w a s  v a r i e d  in  the r a n g e  of 1 _< Re -< 106, and wi th  Re = c o n s t  = 66,000 we v a r i e d  

x 1 in  the r a n g e  o f  0.2 _> x 1 >_ 0.08. 

S t r e a m l i n e  p a t t e r n s  a r e  p r e s e n t e d  in F i g .  2 f o r  x 1 = 0.2 and Re = 10 (a) and Re = 106 (b). 

The  f low s t r u c t u r e  ob t a ined  t h e o r e t i c a l l y  a g r e e s  q u a l i t a t i v e l y  wi th  the  g e n e r a l  f low s t r u c t u r e  which  
c a n  be  e x p e c t e d  on the b a s i s  of e x p e r i m e n t a l  da ta .  A s  i s  s e e n  f r o m  the f i g u r e s ,  the m o t i o n  in the c h a m b e r  
h a s  a l a y e r e d  n a t u r e  and the p r e s e n c e  of  v o r t i c e s  w a s  not  o b s e r v e d .  Wi th  an  i n c r e a s e  i n  the R e y n o l d s  
n u m b e r  the s t r e a m l i n e s  a r e  s l i g h t l y  d e f o r m e d  in the  d i r e c t i o n  of  the  s u r f a c e  of  c o n t a c t  b e t w e e n  the j e t s .  

In the c o l l i s i o n  of two j e t s  of  e q u a l  d i a m e t e r  h a v i n g  the s a m e  v e l o c i t i e s  the c o n t a c t  s u r f a c e  c o n s i s t s  

o f  a p l ane  l o c a t e d  p e r p e n d i c u l a r  to the a x e s  of  the j e t s .  

(P/Pn f)- 1 

l 
L____ 

F i g .  3 .  

I 
I a 
I 
1 

t \ 

1____ 
0,5 xla 

P r e s s u r e  d i s t r i b u t i o n  a l o n g  c h a m b e r  a x i s  (a) 
and a t  the  s u r f a c e  of  c o l l i s i o n  of the  j e t s  (b) in the  f o r m  

(P / P r e f )  - 1. 
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The p r e s s u r e  dis t r ibut ion over  the chambe r  is in teres t ing ,  espec ia l ly  in the region of mutual  contact  
of the je ts ,  and is cha r ac t e r i z ed  by cons iderab le  p r e s s u r e  gradients  both in the d i rec t ion  of the ch amb e r  
axis  (Fig. 3a) and in the pe rpend icu la r  plane when xt = 0.2 (Fig. 3b). Graphs  of the p r e s s u r e  dis t r ibut ion 
along the c h a m b e r  for  the p a r a m e t e r s  x 1 = 0.2 and 0.08 and Re = 66,000 a re  shown in Fig.  3a. 

The n u m e r i c a l  expe r imen t s  showed that the p r e s s u r e  var ia t ion  in the tubes does not depend on the 
d is tance  between them. Bringing the ends of the pipel ines c l o s e r  together  leads to an i nc rea se  in the 
p r e s s u r e  only in the zone of contact  between the j e t s ,  the b o r d e r  of which is comparab le  with the width 
of the gap-out le t .  The p r e s s u r e  i n c r e a s e s  l inear ly  in the tubes upon approach  to the contact  su r face ,  it 
i n c r e a s e s  m o r e  sharp ly  in the zone of contact  between the je ts ,  and finally r eaches  its m a x i m u m  value 
at  the c r i t i c a l  point. 

In conclusion,  it should be noted that the method of solution used showed sa t i s f ac to ry  stabil i ty.  How- 
eve r ,  the r e su l t s  obtained for  la rge  Reynolds numbers  mus t  be approached with caution since a f ict i t ious 
diffusion, which somewhat  d i s to r t s  the exact  solution, shows up as a genera l  defect  of methods which use 
one-s ided  d i f fe rences .  

p is the 
v is the 

is the 
a is the 
u is the 
v is the 
P is the 
u 0 is the 
l is the 

densi ty  of liquid; 
k inemat ic  v iscosi ty ;  
dynamic v i scos i ty  coefficient;  
radius  of tube; 
veloci ty  in axial  direct ion;  
veloci ty in rad ia l  direct ion;  
hydrodynamic  p r e s s u r e ;  
ini t ial  velocity;  
length of c h a m b e r .  
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